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'^■i , scattering method with the generalized Zakharov-Shabat systems L and related to 

f^ 1 some simple Lie algebra g are analyzed. The Zakharov-Shabat dressing method is 

extended to the case when g is an orthogonal algebra. Several types of one soliton 
solutions of the corresponding A- wave equations and their reductions are studied. 
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1. Introduction 

One of the important nonlinear models with numerous applications to physics that 
appeared at the early stages of development of the inverse scattering method (ISM) , 
see (|l|, 0, 0, 0, pi is the 3-wave resonant interaction model described by the equations: 

dui dui . _ 

-^ + '"T-~a~ = ieu2Uz{x,t), 

du2 du2 . _ 

-jr-+V2^r- ^ieuius,{x,t), (1.1) 

-jr- + ^3-^ = ieuiU2{x, t). 
Here Vi are the group velocities and e is the interaction constant. 



The 3-wave equations can be solved through the ISM due to the fact that Eq. ( |l.l[ ) 
allows Lax representation (see eq. ( |2.l[ ) below) . The main result of the pione er p apers 
[^ gl consist also in proving that ii Uk{x,t)^ k — 1, 2, 3 satisfy the system ( |l . l[ ) then 
the one-parameter family of ordinary differential operators Li(t): 

Li{t)i!{x, t,X)= (i-i-+ q{x, t) - \j\ iP{x, t, A) = 0, (1.2) 

(0 qi2 913 
912 923 
913 923 

are isospectral. Here Ji > J2 > J3, 912(2;, i) = ui{x, t)\/Ji ~ J2, 913(2;, i) 
U3(x, t)^/Ji — J3 and 923(2;, t) = U2{x, t)\/J2 — J^- If we denote by Ti(A, t) the transfer 
matrix of Li{t) then Ti{X,t) evolves in time according to the linear equation: 

HT / /i \ 

i— ^-A[/,Ti(A,t)]=0, /= /2 . (1.3) 

The group velocities Vk are expressed through the constants Jk and It by vi = — W12, 
V2 = —V23 and V3 = — Ui3 where Vjk = {Ij — Ik)l{Jj — Jk)- Thus the problem of 



Jl 











J2 











■h 



solving the 3-wave equation (1.1) for a given initial condition Ukix,t = 0) = Uk,oix) 



can be performed in three steps: 

a) Insert Uk,oix) as potential coefficients in Li{Q) and solve the scattering problem 
for ii(0) determine the initial value of transfer matrix Ti(A,0); 



b) Solve (1.3) and determine Ti{X,t) for t > 0; 



c) Solve the inverse scattering problem for Li{t), i.e. reconstruct the potential 9(2:, t) 



corresponding to ri(A,i) and, recover the solution Uk{x,t) of (1.1) 



Note that step b) is solved trivially; steps a) and c) reduce to linear problems. 
Thus the nonlinear three-wave interaction model is reduced to a sequence of linear 
problems. In step a) one must solve the direct scattering problem for ii(0) while in 
step c) one should solve the inverse scattering problem for the operator Li{t). Step 
c) for the operator Li{t) in the class of potentials vanishing fast enough for x -^ ±00 
was first solved by Zakharov and Manakov g by deriving the analog of the Gel'fand- 
Levitan-Marchenko equation for Li{t). This was rather tedious procedure but soon 
Shabat Q] proved that step c) can be reduced to a local Riemann-Hilbert problem 
(RHP) for the fundamental analytic solutions of Li{t). This fact was used in M to 
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simplify greatly the derivation of the soliton solutions of the 3- wave system by reducing 
it to a simple purely algebraic procedure known now as the Zakharov-Shabat dressing 
method. 

Quite naturally the 3-wave interaction model was generalized to N-waye 
equations which can be written in the form: 

t[J, Qt] - i[I, QJ + [[/, Q], [J, Q]] = 0, (1.4) 

where Q{x,t) = —Q^{x,t) is an off-diagonal nxn matrix- valued function (i.e. Qjj — 0) 
tending fast enough to for x — *■ ±oo. The potential q{x,t) in L is replaced by 
[J,Q{x,t)] and / and J are constant diagonal matrices: 

J = diag(/i,/2,---,-fn), J = diag(Ji, J2,..., J„), Ji > J2 > . . . > J„, (1.5) 



satisfying tr/ = tr J = 0. In today's literature the system (L4) is known as the A^- 
wave system with N — n{n — l)/2. From algebraic point of view the 3-wave system 
can be related to the algebra sl{2>) while the A^-wave system is related to sl{n). 

Due to the comparatively simple structure of the underlying algebra sl{n) it was 
rather straightforward to generalize not only the ISM but also the RHP approach and 
the Zakharov-Shabat dressing method |j, 0, H • Soon after that in [gj it was proved that 
the transition from the potential q{x,t) to the corresponding transfer matrix T{X,t) 
can be viewed as a generalized Fourier transform which allows one to analyze the 
hierarchy of Hamiltonian structures of the iV-wave systems. The next stage, namely 
the proof of the complete integrability of these systems and the derivation of their 
action-angle variables was done first in ||l| and later by different method in [ pi)[ . 

The next generalization, also rather natural from algebraic point of view, restricts 
Q{x,t), I and J in ( |l.4| ) to be elements of a (semi-)simple Lie algebra g; then N — |A+| 
- the number of positive roots of g. Though algebraically simple, this restriction makes 
both the construction of the fundamental analytic solution (FAS) and the dressing 
method more difficult, see [111 where some preliminary results on the form of u{x, A) 
are reported. The difhculties are due to the fact that both methods require explicit 
construction and/or factorizing of certain group elements which even for the symplcctic 
and orthogonal algebras is not trivial. 

We should mention also the papers by Zakharov and Mikhailov |1^ in which 
they generalized the dressing method and derived the soliton solutions for a number 
of field theory models related to the orthogonal and s ymp lectic algebras. Their analysis 
is based on Lax operators more complicated than (|l.6| ) and needs to be modified in 
order to apply it to L ([Tq). 

The N-wave equation (|l.4| ) related to g are solvable by the ISM |Q applied to the 
generalized system of Zakharov-Shabat type: 

L{X)^{x,t,X)^ (i— + [J,Q{x,t)]-Xj\-^{x,t,X)^0, J el), (1.6) 

q{x, t) = [J, Q(x, t)] = ^ (a, J)(ga(a;, t)E^ - Q-^{x, t)E_^) e g\f), (1.7) 

where t) is the Cartan subalgebra and Ea are the root vectors of the simple Lie algebra 
g. Here and below r — rankg, A+ is the set of positive roots of g and J = Sfc=i JkGk, 
I = X]fc=i ^kSk S E*" are vectors corresponding to the Cartan elements J, / e f). 

The results in [pi were generalized to any semi-simple Lie algebra in 11^. The 
important question addressed and answered there concerned the construction of the 
FAS for each of the fundamental representations of g. To this end one needs the 
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explicit formulae for the Gauss decompositions of the scattering matrix r(A, t) which 
in turn requires knowledge of the fundamental representations of g. The next step that 
could be done with the FAS is the explicit construction of the resolvent of L{t) (see 
[0|) and the generalized Fourier expansions m3 which underlie all basic properties of 
the nonlinear evolution equations (NLEE). 

However all results in |T3| were derived under the assumption that L{t) has no 
discrete eigenvalues. The problem is to find a correct ansatz for the Zakharov-Shabat 
dressing factor u{x, A) whose form depends on the choice of the representation of g. 

The numbers |A+| for the simple Lie algebras given in the table below 



Q 


A, 


Br,Cr 


T>r 


G2 


F4 


Ee 


E7 


Eg 


|A+| 


r(r + l)/2 


r' 


r{r - 1) 


6 


24 


36 


63 


120 



grow rather quickly with the rank of the algebra r. If we disregard the constraint 
Qt = —Q the corresponding generic NLEE are systems of 2|A+| equations for 2|A+| 
independent complex- valued functions. They are solvable for any r but their possible 
applications to physics for large r do not seem realistic. However one still may 
extract new integrable and physically useful NLEE by imposing reductions on L(i), i.e. 
algebraic restrictions on (5(x, t) which diminish the number of independent functions in 
them and the number of equations [[l5| . Of course such restrictions must be compatible 
with the dynamics of the NLEE. One of the simplest and best known reductions that 
we already mentioned Q^ = — Q diminishes the number of fields by a factor of 2. 
Another famous class of reductions found long ago ||l5|, [l^l led to the integrability of 
the 2-dimensional Toda chains. The related group of reductions is isomorphic to P/j 
where h is the Coxeter number of the corresponding Lie algebra g. As a result the 
number of independent real- valued fields becomes equal to the rank of the algebra. 

Although the two reductions outlined above have been known for quite a time, 
comparatively little is known about the other 'intermediate' types of reductions. 
One of the aims of this paper is to outhne how this gap could be bridged. The 
ingredients that we need are the well known facts about the simple Lie algebras and 
their representations. Another aim is to extend the Zakharov-Shabat dressing method 
for linear systems related to orthogonal algebras. Several types of one soliton solutions 
of the corresponding iV-wave equations and their reductions are analyzed. 

Section 2 contains preliminaries from the ISM, the reduction group jl^ , the theory 

of simple Lie algebras and the scattering theory for L. In Section 3 we extend the 

Zakharov-Shabat dressing method for linear systems (L6) related to the orthogonal 
algebras. We provide the general form of the one-soliton solutions of the corresponding 
N-wave equations. In Section 4 we formulate the effect of Gr on the scattering data 
of the Lax operator and analyze two types of Z2-reductions. In Section 5 we analyze 
the consequences of the Z2-reductions on the soliton parameters and exhibit several 
types of 1-soliton solutions related to subalgebras sl{2), so(3) and sl{3) of g. The 
4-wave equations related to so(5) are shown to have applications to physics. In the 
last Section 6 we briefly discuss the hierarchies of the Hamiltonian structures. 



2. Preliminaries and general approach 

2.1. Lax representations and reductions 

Indeed the N-wave equations ( |1.4D as well as the other members of the hierarchy 
possess Lax representation of the form: 

[L(A),Mp(A)]=0, (2.1) 
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where L{\) is provided by (|l.4|) and 



Mp(A)*(a;,i,A)= (z4 + ^Ffc(x,t)-/pA^/] 'J'(x,t,A) = 0, lei). (2.2) 

fc=0 / 



Eq. (2.1) must hold identically with respect to A. A standard procedure generalizing 
the AKNS one ||l^ allows us to evaluate Vk in terms of Q{x,t) and its a;-derivatives. 
Here and below we consider only the class of smooth potentials Q(x,t) vanishing 
fast enough for |a::| -^ oo for any fixed value of t. Then one may also check that the 
asymptotic value of the potential in Mp, namely /^^■'(A) — fpX^I may be understood 
as the dispersion law of the corresponding NLEE. The A^-wave equations ( |1.4| ) is 
obtained in the simplest nontrivial case with P ^ 1, fp ~ 1 and VQ{x,t) = [I,Q{x,t)]. 
The consistent approach to the reduction problem is based on the notion of the 
reduction group Gp introduced in Il3| and further developed in pa, O, n9|. Since we 
impose finite number of algebraic constraints on the potentials U and Vp 

p-i 
U{x,t,X)^[J,Q{x,t)]-XJ, yp(a;,t,A) = ^14(a:,i)A*'--/pA^/, (2.3) 

fe=0 

of the Lax pair it is natural to choose as Gp finite group which must allow for two 
realizations: i) as finite subgroup of the group Aut (g) of automorphisms of the algebra 
q; and ii) as finite subgroup of the conformal mappings Conf C on the complex A-plane. 
Obviously to each reduction imposed on L and M there cor respo nds a reduction of 
the space of fundamental solutions &^s, = {^(x, t, A)} to ( [Lq ) and ( ^.2|) . Some of the 
simplest Z2-reductions (involutions) of A-wave systems have been known for a long 
time (see |l^) and are related to outer automorphisms of g and (&, namely: 

Cii'i>{x,t,X))^Ai-i'\x,t,Ki{X))A-^=^-\x,t,X), Ki{X) = ±X*, (2.4) 

where Ai belongs to the Cartan subgroup of the group ©: 

Ai ^ exp (TTiHi) . (2.5) 

Here Hi E t) is such that a{Hi) S Z for all roots a S A in the root system A of g. 
Note that the reduction condition relates one fundamental solution '^{x,t, A) e of 



(1.6) and (2.2) to another ^(x,i, A) which in general differs from ^>{x,t,X). 
Another class of Z2 reductions are related to automorphisms of the type: 

C2 {^{x, t, K2(A))) = A2*^(x, t, K2(A))A^i = ^~\x, t, A), K2(A) = ±A, (2.6) 



where A2 may be of the form (2.5) or corresponds to a Weyl group automorphism. The 
best known examples of NLEE obtained with the reduction ( ^.6[) are the sine-Gordon 
and the MKdV equations which are related to g ~ sl{2). For higher rank algebras 
such reductions to our knowledge have not been studied. 

Since our aim is to preserve the form of the Lax pair we consider only 
automorphisms preserving the Cartan subal geb ra t). This condition is obviously 
fulfilled if: a) Ak, k = 1,2 is in the form ( |2.5|) ; b) Ak, k — 1,2 are Weyl group 
automorphisms. Most of our results below concern the orthogonal algebras which we 
define by A + SX'^S"^ = with 

r 
S = ^(-l)'-+l(i?fefe + E-^,) + {-lYEr+l,r+U 
fc=l 

fc = A^ + l-fc, A = 2r + 1 g~B^, (2.7) 

r 

^ = E(-l)'^'(^fcfc+^fefc)' ^ = 2^ ~k = N + l-k, g~D„ 

fe=i 
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Here -Bfc„ is an iV x iV matrix whose matrix elements are {E^.n)ij = ^ik^nj a-nd N is 
the dimension of the typical representation of the corresponding algebra. 

The corresponding reduction conditions for the Lax pair are as follows Il3] : 

Ck{u{rk{x))) = u{\), Ck{Vp{Tk{x)))^Vp{x), (2.8) 

where Ck € Aut g and rfe(A) are the images of gk- Since Gr is a finite group then 
for each g^ there exist an integer N^ such that g^. *= = 1; if fc = 1 and Ni = 2 then 

Gr ~ Z2. 

2. 2. Cartan- Weyl basis and Weyl group 

Here we fix up the notations and the normalization conditions for the Cartan- Weyl 
generators of g. The commutation relations are given by pOl pl| : 

[hk,Ea] = (a, ek)Ea, [Ea,E^a] = Ha, 

rp p 1 / Na,0Ea+0 for a + /5 e A , , 

[Ec.,Ep\-^^ for« + /3^AU{0}. ^^■^> 

If J is a regular real element in [) then we may use it to introduce an ordering 
in A by saying that the root a £ A+ is positive (negative) if (a, J) > {{a, J) < 
respectively). The normalization of the basis is determined by: 

2 

E-a — E , {E^a,Ea) — 7 r, 

[a, a) 

N-a,-p = -Na,i3, Na,p = ±{p + 1), (2.10) 

where the integer p > is such that a+s(3 £ A for all s = 1, . . . , p and a+{p+ 1)/3 ^ A. 
The root system A of g is invariant with respect to the Weyl reflections Sa', on the 
vectors y £'K^ they act as 

Say = y-Y^a, «eA. (2.11) 

(a, a) 

All Weyl reflections Sa form a finite group Wg known as the Weyl group. The Weyl 
group has a natural action of the on the Cartan- Weyl basis: 

Sa{H[^) = AaHpAa' ^Hs^(3, Sa{E p) = Ua^pEg^p, n„,/3=±l. (2.12) 

which shows how it can be understood as a group of inner automorphisms of g 
preserving the Cartan subalgebra [). The same property is possessed also by Adf, 
automorphisms; indeed, choosing K = exp{7riHs) and from (^^) one finds 

KHaK-^ = Ha, KEaK~^ = e'^^^"^^Ea: (2.13) 

where c e E'' is the vector corresponding to H^ £ \). Then the condition K^ — 1 
means that (a, c) G Z for all a G A. If Uk are the fundamental weights of g then iJj 
must be such that c — X]fc=i 2cfca;fc/(afc, ak) with Ck integer. 

We will need also the element wq € VF(g), Wq = 1 which maps the highest weight 
of each irreducible representation V{lo) to the corresponding lowest weight, i.e., 

wo{Ea) = n-Q£'^o(a)' wo{Hk) = iJ^,o(e^^), a £ A+, Ua = ±1; (2.14) 

The action of wo on Cartan- Weyl basis is given by (^.12) with Sa replaces by S (pj). 



On the root space wq is defined by wo(efc) — —^k for all fc = 1, . . . , r if g ~ B^ or D2r 
for D2r--i-i we have wo{ek) = — e^ ioi k — 1, . . . ,r — 1 and wo{er) — e^, sec [EOl El|. 
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2.3. The inverse scattering problem for L 

The direct scattering problem for the Lax operator ( |l.6| ) is based on the Jost solutions 
lim V(a;,A)e*-^'^^ = 1, lim ,/.(x, A)e*^^^ = 1, (2.15) 

X — >CX3 X^ — OQ 

and the scattering matrix 

T(A) = (^(x,A))-V(a:,A). (2.16) 

The FAS x^i^i A) of L[t) are analytic functions of A for Im A ^ are related to the 
Jost solutions by: 

X^{x, A) = cj,{x, A)5±(A) = i^ix, A)rT(A)D±(A) (2.17) 

where by "hat" above we denote the inverse matrix T = T^^. Here 5*^ (A), D^{X) 
and T^ (A) are the factors in the Gauss decomposition of the scattering matrix 

T(A) = T-(A)L»+(A)S'+(A) = T+(A)L»-(A)S'-(A), (2.18) 

5±(A) = exp I ^ s±(A)i?±. I , T±(A) = exp I ^ t±(A)i?±„ ) , (2.19) 



.QeA+ / \aeA 



+ 



/^ 2d+(A) \ / " 2d7(A) \ 

where TJj = Ha^, HJ = wo{Hj). The proof of the analyticity of x^(a^j A) for any 
semi-simple Lie algebra and real J is given in |13|| . The superscripts + and — in 
£)±(A) shows that D^{X) and DJiX): 

Df{\) = (c.±|Z?±(A)|c.±) = exp (4(A)) , LOT = yj,(^+), (2.21) 

are analytic functions of A for Im A > and Im A < respectively. Here ujj' are the 
fundamental weights of g and \uj^) and \ojJ) are the highest and lowest weight vectors 
in these representations. On the real axis x^(a;, A) and x (2^1 A) are related by 

X+(x,A)=x-(a^,A)Go(A), Go(A)-5+(A)5-(A), (2.22) 

and the sewing function Go (A) may be considered as a minimal set of scattering data 
provided the Lax operator ( |l.6| ) has no discrete eigenvalues. The presence of discrete 
eigenvalues A^ means that one (or more) of the functions D^(A) will have zeroes at 
Xf, for more details see Q. If we introduce S,^{x,X) = x*(x, A)e''^''^ then eq. (2.22) 
can be cast in the form: 

^+{x,X)=Cix,X)G{x,X), G(a;,A) =e-*-^'^^Go(A)e*^"^^, A G M. (2.23) 

This relation together with the normalization condition 

lim ^^(a;,A) = 1, (2.24) 

A — >oo 

can be interpreted as a RHP with canonical normalization 

If the potential q{x,t) of the Lax operator ( |l.6| ) satisfies the iV-wave equation 
(1.4) then S^{t,X), T^{t,X) satisfy the linear evolution equations (1.3), while the 
functions D^{X) are time-independent. Therefore -D^(A) can be considered as the 
generating functions of the integrals of motion of (1.4). 
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2-4-. Hamiltonian properties of the NLEE 

The interpretation of the ISM as a generalized Fourier transform and the expansions 
over the "squared solutions" of (|]^) were derived in ^ . All A^-wave type equations are 
Hamiltonian and possess a hierarchy of pair-wise compatible Hamiltonian structures 
{H'^^\Vt'^^'>}, k = 0,±1,±2,.... The phase space M. of these equations is the 
space spanned by the complex-valued functions {Qa^a € A}, dimcA^ — |A|. The 
corresponding NLEE as, e.g. (1.4) and its higher analogs can be formally written 
down as Hamiltonian equations of motion: 

f]W(g,,-)-di/W(.), A: = 0,±l,±2,..., (2.25) 

wh ere both fi^*^^ and H'^^^ are complex-valued. The simplest Hamiltonian formulation 
of (|l|) is given by {H^°\ VL^^^} where iJ^") = H^ + Hint and 

/OO /F* \ 

-OO „^n 



Ho 



Co 

2i 



a>0 



{a, a) 



,Q^c.), (2.26) 



-ffint = 



dx{[J,Q],[Q,[I,Q]]) = 



^ ujp,^H{a,(3,-f); 



(2.27) 



H{a, /3, 7) = Co / dx {QaQ-pQ-^i - Q-aQpQ-^ 



AN, 



UJ/3J 



/3,7 



(a, a) 



det 



(«,/3) ib,P) 
(a, 7) (5,7) 



and the symplectic form fl^'~'' is equivalent to a canonical one 

1^(0) = :r^ / dx ([J, SQix, t)] A 5Q{x, t) ] 
00 
2co(a, a) 



ico 
2 



qGAo. 



(a, a) 



dxSQaix, t) A 5Q^a{x, t). 



(2.28) 



is the Killing 

P + 1- 



Here co is a constant adjusted so that both ij'"^ and 51^°) be real, ( • 
form of and the triple [a, (3, 7] belongs to M if a, /3, 7 G A+ and a 

For the N-wave equations and their hi gher a nalogs H'-''^ depend analytically on 
Qa- That allows one to rewrite the equation (2.25) as a standard Hamiltonian equation 
with real- valued n^^") and H^''\ The phase space then is viewed by the manifold of 
real- valued functions {ReQa,iT^Qa}, a € A, so dim^A^ — 2|A|. Such treatment is 
formal and we will not explain it into more details here. 

Another well known way to make fi^*^) and H^'^^ real is to impose reduction on 



them involving complex or hermitian conjugation as in (2.4). 

Physically to each term H{a, (3, 7) we relate part of a wave-decay diagram which 
shows how the wave associated with the root a decays into /3 and 7 waves. We assign to 
each root a an wave with wave number ka and frequency LOa- Each of the elementary 
decays preserves them, i.e. 

ka^kfj+k^, Lu{ka) = io{kfj) + Uj{kj). 

Thus the number of the different wave types and their decay modes are determined 
by the properties of the system of positive roots A+ of g. 



3. The dressing Zakharov-Shabat method 

The main goal of the dressing method is, starting from a FAS Xo (^'•^) '^^ ^ with 
potential (7(0) = [>/, Q(o)] to construct a new singular solution Xi (2;, A) of the RHP 
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( ^.23 ), (2.24) with singularities located at prescribed positions A^ . The new solutions 
xf (a;, A) will correspond to a potential (/(i) = [J, (5(i)] of L ( |l.6| ) with two discrete 
eigenvalues Xf- It is related to the regular one by a dressing factor u{x, A) 

Xi {x , X) = u{x , X)xn {x , X)uZ (A), u^{X) — lini u{x,X).{3.1) 

X — > — oo 

The sewing function in the RHP is modified to Gi(a;,A) = w_(A)G(a;, A)u~-'^(A); as 

we will see below u-{X) is an element of the Cartan subgroup of ©. Then u(x, A) 

obviously must satisfy the equation 

du 
i-f- + 9(1) {x)u{x, X) - u{x, A)q(o) (x) - X[J, u{x, A)] = 0, (3.2) 

and the normalization condition liniA^oo u{x, A) = 1. Besides Xii^, A), i — 0,1 and 

u{x, A) must belong to the corresponding group ©; in addition u{x, A) by construction 

has poles and/or zeroes at Aj^ . Below all quantities related to L (1^) with potential 

qi{x) will be supplied by the corresponding index i. Their scattering data are related 

by: 

5±)(A) = u^{X)S^^^{X)uZ\X), r± (A) = «+(A)T±)(A)u;i(A), 

Df,JX)^u+(X)Dt„JX)uZ\X), u±(A) = lim u(x,X). (3.3) 

Since the limits u±{X) are a;-ind epend e nt and belong to the Cartan subgroup of (5, so 
^(^^^(A), T(^)(A) are of the form (|2T9|) , (^!20|) . 

The construction of u(x, A) will be based on an appropriate ansatz specifying 
explicitly the form of its A-dependence which crucially depends on the choice of g and 
its representation. Here we will consider separately the classical series of simple Lie 
algebras: A^ ~ sl{r + 1), B^ ~ so{2r + 1) and D^ — so{2r). The simplest nontrivial 
case Q ~ Ar is solved in the classical papers |q, 0] with the ansatz 

u(x,A) = l + (ci(A)-l)Pi(a;), ci(A) = ^— ^, (3.4) 

A — A-|^ 

where the rank 1 projector -Pi(x) is of the form: 

\n{x)) {m{x)\ 
'^ ' {m{x)\n{x)) ' 
\n{x)) = x;l"(a^,A;i^)l'^o), (w(a;)| = {mo\xoi^^K)- (3-5) 

where |no) and (mo| are constant vectors. It can be easily checked that u{x, A) (3.4) 
corresponds to a potential 

g(i)(x) = (j(o)(a;) + lim (J — u(a;, A) Ju~^(a;, A)). (3.6) 



In fact u{x,X) (|3.4D belongs not to SL{r + l), but to GL{r+l). It is not a problem 
to multiply u{x,X) by an appropriate scalar and thus to adjust its determinant to 1. 
Such a multiplication easily goes through the whole scheme outlined above. 

Theorem. 1 Let g ^ B^ or D^ and let the dressing factor u{x, A) he of the form: 

u(a;,A)-iZ + (ci(A)-l)Pi(a;) + (cr'(A)-l)P_i(x), P-i=SP'[S-\ (3.7) 

where S is introduced in (2/1) and Pi{x) is a rank 1 projector (3.L). Let the constant 
vectors |no) and (toqI satisfy the condition 

(mo|5|mo) = (no|5|no) = 0. (3.8) 

Then u{x, X) (|3jJ satisfies the equation ^3.3^ with a potential 

q{i)ix) = qio)ix)-iK-X^)[J,pix)], p{x) = Pi(a;)-F_i(x).(3.9) 
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Proof. Due to the fact that Xo (^' ^) ts^-^e values in the corresponding orthogonal 
group we find that from (B.S) it follows (7n|S'|?Ti) = 0, {m\JS\ni) = and analogous 
relations for the vector \n). As a result we get that 

Pi(x)P_i(a;) = P^i{x)Pi{x) = 0, Pi{x)JP^i{x) = P^i{x)JPi{x) ^ 0. (3.10) 



Let us now insert ( p.7| ) into (3.2) and take the limit of the r.h.side of ( |3.2[ ) for 
A — * oo. This immediately gives eq. ( |3.9D . In order that Eq. (3.2) be satisfied 
identically with respect to A we have to put to also the residues of its r.h.side at 
A ^ Af and A ^ Aj~. This gives us the following system of equation for the projectors 
Pi{x) and P^i{x): 

dP 

i^ + q[i){x)Pi{x) - Fi(x)g(o)(.T) - Ar[J,Pi(a;)] = 0, (3.11) 

dp 

'^ + q(i){x)P.i{x) - P.i{x)q(o){x) - A+[J,P_i(.t)] = 0, (3.12) 

where we have to keep in mind that q(^i^ is given by ( 3i)| ) . Taking into account ( 3.10 ) 
and the relation between Pi(x) and P^i{x) eq. (|3.11 ) reduces to: 

i^ + [g(o)(x),Pi(x)] + ArPi(a;)J- A+JPi(a;) - (A^ - A+)Pi(a;) JPi(x) = 0. (3.13) 

One can check by a direct calculation that ( |3.5[ ) satisfies identically ( 3.13| ). The 
theorem is proved. 



The explicit form of the dressing factor u(x, A) (3.7) can be viewed as an extension 
of the results in ll^ where only the structure of the singularities in A of u{x, A) or 
rather of x (x, A) was derived for each irreducible representation of g. 



Corollary. 1 The dressing factor p. Tj ) can be written in the form 

u(a;,A) =exp(lnc(A)p(a;)), (3.14) 

where p{x) G g, and consequently u{x, A) belongs to the corresponding orthogonal 
group. 

Let us consider now the purely solitonic case, i.e. '?(o)(a;) — and X(o){x,t,X) = 
exp{—iX{Jx + It)). The condition (3^) which the vector \n) must satisfy goes into 

r 

Y, 2(-l)''no.kno.-k = (-1)'' («o,r+i)' , (3.15) 

fc=i 

and an analogous one for the vector |mo). The condition lmi\j.\^^Q{x,t) — can 
be satisfied only if n^k — whenever mok = and vice versa. Making use of the 
explicit form of the projectors P±i(x) valid for the typical representations of B^ we 
write down: 

p{x) = -^ V hk{x)H,, + y {Pa{x)E^ + P_,(a:)P_„) , (3.16) 

where 

hk{x,t) = no,femo,fce^'''^'° - nQ^.m^^^e'^"^''"', 

Pks for a = efc - Cs, ( Psk for a = -(efe - e^), 

Pa = { Pks for a = ek + Cs, P-a = < Psk for a = -{ck + e^), 

Pk,r+i for a = efc, I Pr+i,fc for a = -e^, 
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Pks 


{x, t) = e*^i 


(vs- 


""'^ (no,fcmo,,e''i 


(Vk+Vs) _ 


{^if+'n^-sm^-^ 


e-""' 


(yfc+as) 






Mi 


= ^(A^ + Ar), 


Vl 


4w 


-K), 










yfe 


= Jfea; + ht, 


Vk^^ 


~yk, 


Vr+l = 


0. 




He 


re 1 < /c < s 


< ?■ 


and 












{m 


"-> = ^ ('^o,fc™o,fce^''i'"= + ngj; 


^0,^6-'"^^'=)+ no 


r+ln^O,r 


+1- 






fc=i 

















(3.17) 



(3.18) 



The corresponding result for the D^-series is obtained formally if in the above 



expressions ( 3.17 ) we put n^r+i = '^lo.r+i = 0; t his m eans that P; 



k,r+l 



P, 



r+l,k 







for all k < r. Besides in the expression for {m\n) ( 3.18 ) the last term in the right hand 
side will be missing. 

If we consider the time variable fixed then ( 3.16| ) and 



Q{i)ix,t) = -(A]^-Ai ) 



E 

aeA+ 



2(a,J) 



(Pa(a;)^„-P_„(a;)£;^„).(3.19) 



will provide us the corresponding reflectionless potential of L. 

Let us note another advantage of the formulae ( 3.1(j ) and ( |3.19 ) namely, they 
provide us p{x, t) and q{x, t) in any representation of g. They also allow us to evaluate 
explicitly the singularities of both the FAS and the functions D^{X) for each of the 
different types of solitons. Each type of soliton solution is determined by the set of 
nonvanishing components of the vectors \no) and |mo). In the general case when all 
components tiqs, m-os for ki < s < /c2 are nonzero from ( |3.3| ) we obtain 

u+{X)uzHX) = exp[lnci(A)(iJ^, - H-y^)] . (3.20) 

By 7i,2 we denote the weights of the typical representation of the B^-algebra. Thus 
if we assume that ki < r and k2 < r then 71 = Cfc^ and 72 = efcj ; for fc2 = r + 1 we 
have 7r+i = and for fc2 > r +1 (therefore A;2 = 2r + 2 — /c2 < J') we have 72 — —e^^- 
In order to determine the singularities of the functions D^(X) = exp{d^ (X)) we have 
to use ( 2.20D . The general formula for that is 

D+^^^{X) = ic,iX))'^D+-^^^{X), (3.21) 

where the integers bs — (71 — 72,1.^^^"). Note that in some cases /3 = 71 — 72 is not a 
root. Indeed if ki = k and k2 — k then /3 = 2ek and 

for s < k. 



bs = 



for s < k, 



2, for fc < s < r, 



Dr 



bs = 



2, for fc < s <r-2, g ~ D,..(3.22) 
1 , for s — r — l,r. 

From ( |3.22 ) we see that in the majority of cases adding a soliton leads to additional 
zeroes of the functions D^ {X) of order 2 or 1 in their regions of analyticity; the order 
depends on the choices of fc2. There is however one special situation when adding a 
soliton leads to additional pole in the region of analyticity. This happens if we have 
g ~ Dr and fci — r, k2 = f. Then from (3.22|) we get 






,(A) = (ci(A))-ii?+) ,,_,(A), 



D 



+),(A) = ci(A)i?+),,(A), 



(3.23) 



Dt. ^_i{X) acquires a first-order pole in 



I.e., -L^(i) ^_i V^7 acquiies a. iiisu-uiuei puie 111 v^^. 

Let US analyze the types of singularities and zeroes of the FAS x*(a:, t. A). Since 
the ansatz (3.7) for the dressing factor ^(a;. A) contains both positive and negative 
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powers of Ci(A) the dressed FAS have both zeroes and poles in their regions of 
analyticity. This is one of the important differences between the analytic properties 
of the FAS related to the A^ and B^, D^ series. Obviously the order of the poles and 
zeroes of FAS will depend on the soliton type and on the representation of g chosen. 
The final remark in this section is about the structure of the different types of 
soliton solutions. They are determined by the non- vanishing components of |no) and 
|mo). This in fact picks up a subset of weights Fq C ^{(^i) in the typical representation 
of Q. We may r elate a subalgebra flo C g whose typical representation is realized on 



Fq. From ( 3.16 ) we see, that qa will be non-zero only if a G Ap - the root system of 



00- In Section 4 we give several examples related to different subalgebras of q. 

4. Scattering data and the Z2-reductions. 

Let us address now the question of how the soliton solutions are influenced by the 
r edu ctions. To be more specific we consider two important Z2 reductions on U{x, A) 
( ^.3[) , namely: 

1) KU\x,X*)K-'^ = U{x,X), K^^l, (4.1) 

2) SU{x,-X)S-^ ^U{x,X), (4.2) 



where K (2.13) is an element of the Cartan subgroup of g and S is given by (2.7). 
Such reductions on U{x, X) will reflect on Q{x, t) and J, and also on the FAS and the 
scattering data of L{t) as follows: 

1) s,Ql„(x,i) = -g„(a;,i), r^J, (4.3) 

2) g_„(a;,f)=Q„(x,t), (4.4) 

1) S+{X)=K(s-{X*)y K-\ T+{X)=K(f-{X*)) K-\ 

D+{X)=K(^D-{X*)y K-\ F{X) = K {F{X*))^ K-\ (4.5) 

2) S+{X)=A,{S-{-X))A^\ T+{X)=A,{T-{-X))A^\ 
D+iX)^A2{D-{-X))A^\ FiX)^A2iFi^X))A^\ (4.6) 

As a minimal set of scattering data we may consider T^(A) or 5^ (A). The functions 
D {X) or equivalently d (A) can be reconstructed by making use of their integral 
representations; in the case of absence of discrete eigenvalues we have M: 

where w^ and |w^) are the j-th fundamental weight of g and the highest weight vector 
in the corresponding fundamental representation r(w^) of g. The function 'Dj{X) as 
a fraction-analytic function of A is equal to: 

(d+{X), for AeC+ 

^^■(A) = < (4(A) - dJ,{X))/2, for A e M, (4.8) 

[-d-{X), for AeC_, 

where <i?(A) were introduced in ( ^.2Cl| ) and (2.21) and the index j' is related to j by 



Wo{aj) — —ctj'. The functions 2?j(A) can be viewed also as generating functions of 

the integrals of motion. Indeed, if we expand 

00 

I?,(A)=^I?,■feA-^ (4.9) 

k=l 
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and take into account that D {X) are time independent we find that dDj^/dt — 
for all A: = 1, . . . , oo and j — 1, . . . r. Moreover it can be checked that "Dj ^ is local in 
Q{x,t), i.e. depends only on Q and its derivatives with respect to x. 



From (4.7) and ( |4.5| )-( |4.6| ) we easily obtain the effect of the reductions on the set 
of integrals of motion; namely, for the reduction ( |4.5| ): 

V,{X) = ~V*{y), i.e., P.-fe --!?*„ (4.10) 

and for ( ji!^ ) 

V,iX) = -V,{~X), i.e., 2?,, fc = (-1)'=+Xfc- (4.11) 



From ( 4.1l|) it f ollows that al integrals of motion with even k become degenerate. 



The reduction ( 4.10 ) means that the integrals Pj.fe are purely imaginary; if we impose 
in addition also ( 4.11 ) then I'j,2fe = 0. The simplest local i nteg rals of motion Vji and 
'Dj2 can be expressed as functionals of the potential Q of ( |l.6| ) as follows (see ^): 

I?,-i--t/ dx{[J,Q],[Hj,Q]), (4.12) 

^ J — OD 

1 i-co i 1"°° 

V,a = -7^ dx{Q,[Hj,Q,])-- dx{[J,Q],[Q,[Hj,Q]]), (4.13) 

where (-ff.^, Hk) = 5jk- The fact that "Dj^i are integrals of motion for j = 1, . . . , r, can 
be considered as natural analog of the Manley-Rowe relations pi, ■ In the case when 



the reduction is of the type (2.4), i.e. Q-a = SaQa then (4.12) is equivalent to 



,5-^ 2{J,a){uj+a) f°° 

> 7 i / dxSa\Qa(x)\^ const, (4.14) 

and can be interpreted as relations between the wave densities |Qap. 

The Hamiltonian of the TV- wave equations (|l.4|) is expressed through I'j,2, namely: 






2(",,/)^ _ 1 



^-^ (a.,, ai) "'' 2i 



V,,^2^-{(V{X)JiX))), (4.15) 



where 27( A) = dV/dX and /(A) = XI is the dispersion law of the A^-wave equation 
(1.4). In ( 4.15| ) we used just one of the hierarchy of scalar products in the Kac-Moody 



algebra g = fl (g) C[A, A"^] (see [|2[): 

((X(A),r(A))), = ResA^-+i(^+(A)X(A),r(A)), X(A),r(A)e0. (4.16) 

5. Soliton solutions and examples of A^-virave equations. 

5.1. Examples of soliton solutions 

Here we will give several examples of 1-soliton solutions of the N-wave equations 
subject to the reductions ( [4.1[ ) and (|4.2|). Obviously the dressing factor u{x,X) must 
satisfy the same reduction conditions as U{x, A). This allows us to derive the following 
consequences on the vectors |7io)i I'^o) and Aj^ : 

1) \no)^K\m*), Ar = (A+)*, (5.1) 

2) |no) = |mo), Ar = -A+, (5.2) 
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Example 1 Let Qq c:i sl{2) be formed by the generators LI a and E±a with a = Cj^ — Cs- 
This is possible if only two of the components riofc, Uqs ^^e non-vanishing with 
1 < k < s < r. Then: 

p{x) = lHe,+e, + ^ \^ (sinh $i7„ + e-'*^„ + e^*S_„) , (5.3) 

2 ^ 2 cosn $ 

$(a:;,i) = i/i(yfe - 2/s) + -r In , *(a;,i) =Mi(2/fc - 2/s) + :r m , 

2 no,sTOo,s 2 no,s"^o,fc 

// we apply the reduction 1) we find that <f> and ^ become real provided Kg = K^; the 

corresponding soliton solution is regular exponentially decaying function for all values 

of t. If KkKs — —1 then $ = vi{yk — J/s) + lii(|no,fc/no,s| — i7r/2 which effectively 

changes the denominators in (5.S) to sinh<I> thus making the soliton solution singular. 

Such solution require additional care. 

Imposing reduction 2) the arguments of p{x,t) simplify to 

$(a;, t) = vi{yk ~ Vs) + In -^, *(a;, t) = fii{yk - Vs)- 

no,s 

If we apply both reduction simultaneously then the eigenvalues of L become purely 

imaginary X^ ~ ^^\ = *^ii ^(2;,^) remains as in the last line and '^{x,t) vanishes 

since fii = 0. 

We can evaluate also the solitons related to another choice of a — Ck + Cs; then 

we must assume that the non-vanishing npfe; "Os are those with I < k < s < r. The 

explicit formulae are analogous to the ones above and we skip them. 

Example 2 The solitons related to the subalgebra Qq ~ so(3) spanned by Ha and 
E±a with a = Ek are obtained by choosing UQk, n-o,r+i o,i^d, Uq k, k < r as the only 
non-vanishing components. Due to ( 3.1al) we must have (no,r+i)^ = 2no,fe'^o fe and: 

p{x) = tanh ^Ha + ""^.^i'^^rJl " (e"'*^" + e**i?-a) , (5.4) 

2v2 cosh $ 

3>(x,i) = viyk + -In , ^{x,t) = ^lyk + -In . 

4 noj^moj, 4 nQj.mo,k 

These solitons are not singular due to the fact that Kk = Kj^. The reduction 1) makes 
both $(x, t) and ^{x, t) real. Under the reduction 2) ^ vanishes as in the first example. 

Example 3 The solitons related to the subalgebra go — s^(3) whose positive roots 
are Ci — Ck, Ck — Cj and Ci — Cj are obtained if we choose as the o nly non-vanishing 
components n^^i, n^^k and no.j, i < k < j < r; the condition (3.15) holds identically. 
Here we directly write down the formulae with reduction 1) applied. 

p{x) = ^He+ 3^^,^^^^^ ((2/1, - h, - hk){x,t)H,^^,^ + (2/1, - hk - h.,){x,t)H,^^,^) 

+ , ,1^1 , {N,k{x,t) + Nkj{x,t) + N,,{x,t)) , (5.5) 

{n*\K\n) 

{n*\K\n) ^{h, + h,+hk)ix,t), /i,;(x,t)=if,e*% 

N,kix,t) = e*"= (e-'*"=Se.-e, + e'*"=£;_e,+ej , £ = e, + e, + Ck, 

^ik{x,t) = vi{y.i + yk) + ln|no^ino^fc|, ^ik{x,t) = ^i(j/j - y^) + argno^fc - argno^i, 

This result for Kk — Ki — Kj is quite analogous to the regular soliton solutions 
of the 3- and N-wave equations studied in detail in fl/. The situation when Kk ~ 
—Ki — ~Kj again may lead to singular solitons which describe blow-up instabilities 
in X i^^dia. 
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Figure 1. Wave-decay diagram for the so(5) algebra. To each positive root of 
the algebra kn = kai + na2 we put in correspondence a wave of type kn. If the 
positive root kn = k'n' + k"n" can be represented as a sum of two other positive 
roots, we say that the wave kn decays into the waves k'n' and k"n" as shown on 
the diagram to the left. 




In all the examples above the corresponding reflectionless potentials of L are 
obtained with the formula (3.19). 



5. 2. Real forms of B2 . 

Let us illustrate these general results by a an example related to the B2 algebra. This 
algebra has two simple roots ai — ei ~ 62, 02 — 62, and two more positive roots: 
ai + a2 = ei and ai + 2q;2 = 61 + 62 = amax- When they come as indices, e.g. in 
Qa we will replace them by sequences of two integers: a —^ kn if a — kai + na2; if 
a = —{kai + na2) we will use kn. 

The reduction which extracts the real forms of B2 — so(5) is KU^{X*)K^^ = 
[/(A) where K is an element of the Cartan subgroup: K = diag (si, S2, 1, S2, Si) with 
Sk = ±1, k — 1,2. This means that Ji — J* , i = 1,2 and Qa must satisfy: 

Pw = -s2SiQIq, poi = -S2Q01, pii = -siQli, P12 = -siS2Qi2- (5-6) 

Thus we get 4- wave system with the Hamiltonian H = Hq + Hint Pq] : 

i f°° 
Hq = -- j dx [siS2(/i - l2){QioQio^x ~ Qw,xQlo) + 2s2l2{QoiQoi.x - Qoi,xQoi) 
^ J-00 

+ 2siIi{QnQn^x - Qii.xQn) + siS2(/i + /2)(Qi2Qi2,x " Qi2,.Qi2)] , (5.7) 

/OO 
dx [s2iQi2Q*iiQoi + QI2Q11Q01) + [QuQqiQIq + QliQoiQio)] , 
-00 

where k, — J1I2 — J2I11 cind the symplectic 2-form: 

/OO 
dx [( Ji - J2)5Qw A 5Qw + 2J2SQ01 A 5Q*, 
-00 

+ 2Ji6Qn A 6QI, + (Ji + J2)'5gi2 A 6QI2], (5.8) 

The corresponding wave-decay diagram is shown in figure 1. 

The particular case si = S2 = 1 leads to the compact real form so(5, 0) ~ so(5, R) 
of the B2-algebra. The choice si — — S2 = —1 leads to the noncompact real form 
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so(2,3) and Si — S2 — —1 gives another noncompact one- so(l,4). If in this last 
case we identify Qoi = Qpoi, Qio = —Es, Qn = Ep and Q12 = — -Ba then we obtain 
the system studied in [E3| which describes Stockes-anti-Stockes wave generation. Here 
Qpoi is the normahzed effective polarization of the medium and -Ep, Eg and Eg, are 
the normalized pump, Stockes and anti-Stockes wave amplitudes respectively. 

5.3. One more Z2 reduction 

Let us apply a second Z2-reduction to the already reduced system of the previous 



subsection. We take it of the form (4.2) which gives Ji — J*, li — I* and 



Q*w = -•S1S2Q10, Qoi = -S2Q01, Qii = -siQii, Q*i2 = -siS2Qi2. (5.9) 

These reduction conditions allow us to make the following change of the fields Q^ to 
the real-valued ones Va as follows: 

Qlo = ^(l+^^^^)/Vo, Qoi=*'^+^^)/'^^oi, Qii=*(^+^^)/Vi, Ql2=^(^+^^^^)/V2. 
Thus we get the following 4-wave system for 4 real- valued functions: 
(Ji - J2)wio,t - (-^1 - h)vii:).x + 2s2KUiiWoi = 0, 

■hvoi^ - hVQl.x + SiS2k{viiVi2 + UllWlo) = 0, 

Jivii^t - hvii.x + K{vi2Vai ~ uiowoi) = 0, (5.10) 

(Jl + J2)vi2,t - (/l + h)vi2,x - 2S2KW11W01 = 0. 

Since u'o(J) = — J the Hamiltonian structure {H^^\Q'^^^} becomes degenerated. 

Such reductions applied to the Zakharov-Shabat system with g ~ sl{2) picks up 
the sine-Gordon and the MKdV equations which have two types of soliton solutions: 
i) ones related to pairs ±iffc of purely imaginary eigenvalues of L and ii) ones related 
to quadruplets ±A^, ±A* of eigenvalues of L. The first type are known as 'topological' 
solitons, while the second type are known as 'breathers'. 



The same situation persists also for L (1.4) related to any g. One of the differences 



between g ~ sl{2) and generic g consists also in the fact that in the sl{2) case the 



iV-wave interaction is trivial, while for higher ranks of g it is non-trivial, see e.g. (5.10). 

6. Hamiltonian structures of the reduced iV-wave equations 

The generic N-wave interactions (i.e., prior to any reductions) possess a hierarchy of 
Hamiltonian structures generated by the so-called generating (or recursion) operator 
A defined in M [l3| as follows: 



f}(^-) = M dx(^[J,SQ{x,t)]AA''6Q{x,t)), (6.1) 

Using the spectral decomposition of A we can recalculate il*^''-' in terms of the scattering 
data of L with the result: 



1 r 

r!±(A) = (^D^{X)f^{X)6T^iX)D^iX) A S^{X)SS^iX)) . (6.2) 



The first consequence from ( |6.2| ) is that the kernels of fi^*^) differs only by the factor 
A*^; i.e., all of them can be cast into canonical form simultaneously. This is quite 
compatible with the results of Q, |[ ^ for the action-angle variables. 
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Again it is not difficult to find how the reductions influence D,^''\ Using 



the invariance of the Killing form, from ( |6.2| ) and (4.5)-(4.6) we get respectively: 
n+(A) = (f7-(A*))*, and 0+(A) = l^o"(-A). Therefore for the reduction (gj) we 
get that ifl^'^' together with all the integrals iVj^k become simultaneously real. The 
other reduction (4.6) means that ^^'^^ — (— l)'^+^il'^'^^; besides from (|4.11|) we have 



1^j,2k = 0. Thus 'half of the Hamiltonian structures {fl'^P\H^P^} with even p 
degenerate. However the other 'half for odd p survives. In particular this means 
that the canonical 2- form Jl^"^ is also degenerate, so the N-wa,ve equations with 



the reduction ( 4.11 ) do not allow Hamiltonian formulation with canonical Poisson 
brackets. For more details see fl^, |l^, |2J. 

7. Conclusions 

We end with several remarks. 

1. Here we presented only examples related to the B2 algebra. Many additional 
examples can be found in ||25| . 

2. To all reduced systems given above we can apply the analysis in ||, gj| and 
derive the spectral decompositions for the corresponding recursion A operator. Such 
analysis allows one to prove the pair-wise compatibility of the Hamiltonian structures. 

3. In many cases the reduction conditions on J may lead to lead to complex 
values of Jk- The construction of the corresponding FAS is first given in pq] fo r sl{n) 
and in [|^ for simple g. It is an interesting task to extend the results of p,(^ p4|] to 
systems with reductions. 

4. The cases when the element J is not regular requires additional care in 
constructing the theory of the recursion operator A, see p7| . 

5. The list of examples with soliton solutions can easily be continued. Several 
factors are important for the structure of the different types of solitons. These are: the 
rank of the projectors Pi and P_i and the subalgebra go which is picked up. Obviously 
depending on these choices we get solitons with different number of internal degrees 
of freedom. These questions will be discussed elsewhere. Some alternative approaches 
for constructing soliton solutions of reduced systems are presented in ||28|, |29| . 
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